We show that the Bagger-Lambert-Gustavsson (BLG) theory with two pairs of negative norm generators is derived from the scaling limit of an orbifolded Aharony-Bergman-Jafferis-Maldacena (ABJM) theory. The BLG theory with many Lorentzian pairs is known to be reduced to the Dp-brane theory via the Higgs mechanism, so our scaling procedure can be used to derive Dp-branes directly from M2-branes in the field theory language. In this paper, we focus on the D3-brane case and investigate the scaling limits of various quiver ChernSimons theories obtained from different orbifolding actions. Remarkably, in the case of N = 2 quiver CS theories, the resulting D3-brane action covers a larger region in the parameter space of the complex structure moduli than the N = 4 quiver CS theories. We also investigate how the SL(2, Z) duality transformation is realized in the resultant D3-brane theory.
Introduction
we focus on the D3-brane case. We also investigate the scaling limit of various quiver CS theories obtained from different orbifoldings of the ABJM action. Moreover, we examine the SL(2, Z) transformations after the reduction to the D3-brane theory and revisit the consideration given in [15] . Remarkably, starting from the N = 2 quiver CS theories, the result is slightly different from the N = 4 case. In the N = 4 case, as in [15] , the complexified coupling constant τ of the resultant D3-brane action depends on only one real parameter. However, in the N = 2 case, an additional degree of freedom appears, and therefore, we can cover a larger space of the complex structure moduli. This paper is organized as follows. In section 2, we briefly review the BLG theory and its generalization. Then, we take a quick look at the ABJM theory, its scaling limit, and a N = 4 quiver Chern-Simons theory obtained by using the ordinary orbifold projection to the ABJM theory. In section 3, we explicitly show how to derive the Extended Lorentzian BLG theory with two Lorentzian pairs from a scaling limit of a N = 4 quiver CS theory and investigate the constraint on the T 2 compactification. Furthermore, in section 4, we apply our scaling limit to several quiver CS theories obtained by different Z n orbifoldings. In section 5, we investigate the realization of SL(2, Z) transformations of the resultant D3-brane theory. Finally, we conclude in section 6.
Effective theories of M2-branes 2.1 BLG theory and its generalization
We first provide a brief review of the BLG theory and its generalization. The BLG theory is a V (X) is a sextic potential term Note that the level of the Chern-Simons term is chosen to be k = 1 for simplicity.
In [12] (see also [13, 14] ), the Lorentzian BLG theory based on the 3-algebra (1.1) was generalized by adding d pairs of negative norm generators. Then, they showed that the worldvolume theory of Dp-branes (p = Following [12] , we will rewrite the BLG action (2.1) and derive the action of Dp-branes (p = d + 2). The steps are summarized as follows. First, we derive 3d N = 8 SYM through the Higgs mechanism [17] . The difference from the original L-BLG theory is that the resulting D2-brane action has a Kaluza-Klein tower. Then, we obtain the Dp-brane action with a rearrangement of fields corresponding to T-duality. The worldvolume of Dp-brane is given as a flat T d bundle over the membrane worldvolume M.
In the remainder of this subsection, we look at the above procedure more explicitly. For the 3-algebra (2.5), we expand the fields as
Each bosonic component has the following role:
• X I (i m) : These fields become scalar fields corresponding to the transverse coordinates of Dp-branes and gauge fields along the fiber direction.
• X IA : Higgs fields whose VEVs determine the moduli of T d and the circle radius in the M-direction.
• X I A : Ghost fields that can be removed by Higgs mechanism.
1 Instead, we can consider m as the index describing open string modes that interpolate the mirror images of a point in S 1 = R/Z in the spirit of Taylor's T-duality [16] .
• A µ(i m) : Gauge fields along M.
The other bosonic terms do not show up in the following discussion.
Because the ghost fields X and ψ appear linearly in the action, these fields become Lagrange multipliers and can be integrated out. This gives constraint equations for X IA and ψ A :
As a solution, we choose a constant vector X A = λ A and it determines the (d+1)-dimensional subspace R d+1 ⊂ R 8 . R d+1 is compactified on T d+1 and VEVs λ IA give the moduli of the T d compactification and the M-theory circle. We can represent the metric of torus T d as
The covariant derivative becomes
where
The Chern-Simons term is written as
, Chern-Simons gauge fields obtain a degree of freedom and the usual F 2 term emerges.
The bosonic potential term is given by the square of a triple product
The square of this term gives
By collecting all the results, we obtain the D2-brane action with Kaluza-Klein tower. Then, we decompose X I as 16) and regard the Kaluza-Klein masses m a with the derivatives of fiber direction −i∂ a , we obtain the kinetic term of the fiber direction and the interaction term in the language of the Dp-brane worldvolume.
As a result, we obtain the following standard Dp-brane action 2
, 17) whose worldvolume is M × T d with the metric 18) where g ab = (G 00 G ab − G a0 G b0 ) −1 is the metric of dual torus.
Orbifolding the ABJM theory
The ABJM theory is a 3d N = 6 U (N ) × U (N ) Chern-Simons matter theory. This theory is conjectured to describe the low energy physics of N M2-branes probing C 4 /Z k . The bosonic action of the ABJM theory is given by 19) where A = 1, 2. Z A and W †A are bifundamental matter fields and their covariant derivatives are defined by
2 The tilde indicates that the fields are (3+d)-dimensional:
A is a projector into the subspace orthogonal to all λ A , where πA is a dual basis satisfying λ
In [5] , we explicitly show that the original L-BLG theory based on (1.1) is derived from the ABJM theory. Motivated by the agreement of the gauge structure of these two theories through the Inönü-Wigner contraction, we performed the following rescaling: 21) to the ABJM theory and took the λ → 0 limit, where Z A 0 and W A 0 are the VEV of Z A and W A . Then, we obtained the action of the L-BLG theory. This scaling limit corresponds to locate the M2-branes very far from the origin of the Z k orbifold so as not to feel the singularity and simultaneously take k → ∞. Thus, this procedure is effectively the same as the ordinary S 1 compactification and that is why we obtain the L-BLG theory, which is almost D2-branes theory.
As explained in [12] , the Extended Lorentzian 3-algebra (2.5) can be regarded as the original Lorentzian 3-algebra with a loop algebra. Thus, it is natural to presume that even the Extended L-BLG theory might be derived from an M2-brane theory in a certain scaling limit. So which M2-brane theory is appropriate? In [15] , it was shown that the D3-brane action can be derived by orbifolding the ABJM theory and taking a limit. Because the Extended L-BLG theory with d = 1 also reduces to the D3-brane theory via the Higgs mechanism, these two theories might be connected directly. The main purpose of this paper is to clarify the relationship between the orbifolded ABJM theory and the Extended L-BLG theory.
In the remainder of this section, we review the orbifolded ABJM action. By applying the standard orbifolding technique [18] to the ABJM theory or alternatively using the brane construction, we can derive various quiver Chern-Simons matter theories 3 [19, 20, 21] . Here, we see a particular 3d N = 4 theory whose bosonic action is 4
The explicit forms of the covariant derivatives and bosonic potential are given by
23)
where we used SU (2) doublets
for each link l. The quiver diagram of this theory is given in Figure 1 . This theory has product gauge group U (N ) 2n and its moduli space is Sym N (C 4 /(Z kn × Z n )).
AE
Z nk corresponds to the original ABJM orbifold action,
Note that in order to have a correct moduli space, as explained in [33] , the levels of the ChernSimons terms in (2.22) must be ±k, not ±nk. Another Z n action is given by
This kind of further orbifolding is essential for deriving the Extended L-BLG theory from the ABJM theory. In [5] , we obtained a circle by taking a limit of the original ABJM orbifold action and rescaling the fields. Therefore, in a similar fashion, the emergence of an additional circle is expected in a suitable limit of Z n action. Naively, it seems that the more we orbifold the ABJM theory, the more we have additional circles. However, in this paper, we only consider the case for one additional circle, namely, T 2 compactification of M-theory. We show that a proper scaling limit leads to the Extended L-BLG theory with d = 1.
Scaling limit of N = 4 quiver Chern-Simons theory
Here we explicitly show how the Extended L-BLG theory with d = 1 is derived from a N = 4
quiver Chern-Simons theory (2.22). First, we take linear combinations for the gauge fields as
and decompose the bifundamental fields into trace and traceless parts as
VEV Y 0 is interpreted as a classical position of the center of mass of the multiple M2-branes, andŶ =Ŷ a T a is a fluctuation around it. T a is the generator of SU (N ). Next, we rescale the fields as
and finally take n → ∞. Here, q ≡ e 2πi n and multiplying q lm corresponds to the Fourier transformation. The normalization is determined by l q lm = nδ m,0 . Recalling that this N = 4 quiver CS theory describes multiple M2-branes at the singularity of an orbifold C 4 /(Z nk × Z n ), this scaling limit corresponds to locating the M2-branes far from the origin of the orbifold and simultaneously making each Z nk , Z n identifications into the independent circle identifications.
This is effctively the same as the ordinary T 2 compactification. Therefore, we can expect that the Extended L-BLG theory with d = 1 emerges from this limit.
First, let us check the kinetic term. The covariant derivatives (2.23) are scaled as
The O(n −1 ) terms do not contribute to the action in the limit n → ∞.
In our notation, complex scalar fields are decomposed to real fields as
We note that hermitian conjugation changes the sign of the label m such as
Combining (3.3),(3.4) and (3.5), we can write out a rescaled kinetic term using real fields. Let us compare this kinetic term with that of the Extended L-BLG theory given by
Then, we see that if we identify
both kinetic terms completely agree.
For the Chern-Simons term, we can show the agreement easily:
]. Note that we have chosen
In the Extended L-BLG theory, VEVs λ IA are related to the metric of two-torus as (2.9).
By constructing the metric G AB from (3.7), we see that the metric components are connected as
Thus, in the scaling limit of the N = 4 quiver CS theory, only a specific class of the T 2 compactification is realizable. This is because we have chosen a particular Z n orbifold. Owing to the constraint (3.9), the complexified coupling constant τ of the resultant D3-brane theory is limited to the one that depends on only one real variable. We will return to this point in vanish. Note that there is an additional factor n that comes from the relation l q lm = nδ m,0 .
Therefore, the remaining terms are V
bos , V
bos , and V
bos . First, we consider the scaling limit of V (2) bos . In this case, we can utilize the result in [5] and obtain the scaling limit easily. The key point is the fact that the relative difference of label l
This means that in the scaling limit of V
bos , the relative difference between the labels of Y 2l (orŶ 2l−1 in the odd case) does not contribute to the result. To show this explicitly, let us consider the scaling limit of the following substraction:
Note that if the numbers of Y 0,l andŶ l are different, the situation entirely changes. Indeed, for the scaling limit of V
bos and V
bos , the relative difference between the labels ofŶ l is essential. The relation like (3.11) holds in all the terms of (2.24). Therefore, even if we replace all the Y A
2(l+k)−1
with Y A 2l−1 (and Y A 2(l+k) with Y A 2l ) in (2.24), the resultant potential gives the same scaling limit as long as we focus on the Y 0,l -squared term. We denote this new potential as V ′
− 6trY
V ′ is convenient because it can be simplified. If we rewrite each field as 14) where A ′ , B ′ , C ′ = 1, · · · , 4. This is just the original ABJM potential with an extra label l. The scaling limit of the original ABJM bosonic potential is already obtained in [5] and the result is
Using this result, we can obtain the scaling limit of V
bos :
This agrees with the last term of (2.14).
Next we consider the scaling limit of V
bos . As before, we can decompose V ′ as V ′ = 6 s=0 V ′(s) . Using the same argument, we see that only V ′(2) , V ′(3) , and V ′(4) remain in the scaling limit.
In (3.15), more insertion of X K 0 to X K gives zero. Therefore, V ′(3) and V ′(4) are zero. This means that the scaling limit of V bos − V ′ is the same as the scaling limit of V (3)
bos . It is convenient to consider V bos − V 0 because it is much simpler than V bos itself. The explicit form of V bos − V ′ is given by
and Therefore, to obtain the scaling limit of V 1 and V 2 , we only need to calculate one of them.
The other one is obtained from the translation.
With the above simplifications, the scaling limit of V
bos can be calculated more easily. The result is
This is just the first term of (2.14) with the assignment (3.7). To see how the above terms come from the Extended L-BLG potential, it is convenient to use an expression
and substitute (3.7) into this term. Then, we obtain (3.21). Note that the result does not depend on s, because the s-dependent part of λ I1 is proportional to λ I0 and the indices I, J, and K are antisymmetrized so that s dependent terms are cancelled.
Similarly, the scaling limit of V (3) bos is given by
Note that the overall signs of V (3.23) agrees with the second term of (2.14).
Fermionic sector We have seen the agreement of the bosonic sector. Here, we consider the fermionic sector of the N = 4 quiver CS theory and confirm the emergence of the Extended L-BLG theory. The nontrivial part is the fermionic potential.
In the Extended L-BLG theory, the fermionic interaction term is given by
Substituting (2.16) into (3.24), we can indeed obtain the fermionic sector of the Dp-brane action.
On the other hand, the fermionic potential of the N = 4 quiver CS theory is given by 25) where ǫ 12 = −ǫ 12 = 1 and we used doublets
The label l of ζ (l) and ω (l) was determined from the following orbifold projection of the nN × nN ABJM fermions:
Each ζ (l) and ω (l) (l = 1, 2, · · · , 2n) are N × N matrices. Now, we investigate the scaling limit of (3.25). The appropriate rescalings of the fermions are given by
In analogy with the bosonic potential, after the decomposition 
After the decomposition of the fermions into the 2-component Majorana spinors as
we obtain various bilinear terms of χ 1(m) , · · · , χ 8(m) . Using the appropriate Gamma matrices, the assignment (3.7), and the identification ψ T (m) = (χ T 1(m) , · · · , χ T 8(m) ), we can show that these bilinear terms agree with the first term of (3.24). The explicit forms of the Gamma matrices are written in the Appendix.
As for the V (1) f erm term, the situation is the same as the V (2) bos term. In the scaling limit, we just need to consider whether the index l of Y A l and Ψ A l is odd or even, namely, we can replace
. This denotes that the fermion potential of the original ABJM theory with the additional labels l 31) and the V
f erm term become coincident in the scaling limit. Therefore, using the result in [5] that the ABJM fermionic potential scales as 32) we can say that the scaling limit of the V
f erm term is given by
). This agrees with the second term of (3.24). Therefore, we completely verify the emergence of the Extended L-BLG theory with two Lorentzian pairs from the scaling limit of the N = 4 quiver CS theory. This means that we obtain a concrete prescription for gaining D3-brane theory from the ABJM theory, because the Extended L-BLG theory with d = 1 can be reduced to the D3-brane theory.
Applications to the other quiver Chern-Simons theories
Thus far, we have only discussed a particular N = 4 quiver CS theory (2.22). However, by orbifolding the ABJM theory, we can obtain infinitely many quiver CS theories. Thus, here, we apply our scaling limit to various quiver CS theories.
The Z n action (2.27) was of the C 2 × C 2 /Z n type. As another example of this type, let us consider the following Z n orbifolding action 5 :
This preserves N = 2 supersymmetry and SU (2) global symmetry. The covariant derivatives are where l = 1, · · · , n. The Z (2l) , W (2l−1) parts are changed from the N = 4 case (2.23). Figure 2 is the corresponding quiver diagram.
In this theory, the Chern-Simons term is unchanged from the N = 4 case. Thus, its scaling limit is completely the same as that of (3.8). As for the kinetic term, the covariant derivatives are scaled as
0 ,
Again, through the assignments we see that the kinetic term completely agrees with (3.6). The constraint for the metric of two-torus is calculated as
The difference from the previous case is an appearance of a term (X 2 0 ) 2 + (X 6 0 ) 2 . This indicates that we can cover a larger parameter space of the coupling constant τ than the N = 4 quiver CS theories, as we will see in Section 4.
(II) C × C 3 /Z n (i) Now, we consider the Z 2n action given by
The quiver CS theory based on this orbifolding also has N = 2 SUSY and SU (2) global symmetry. The quiver diagram of this theory is given in Figure 3 by In this case, we have to change the scaling limit (3.2) slightly. Because we took a Z 2n
orbifolding, we must change n to 2n in (3.2) and redefine q as q ≡ e 2πi 2n . Under this limit, the CS term of the Extended L-BLG theory is properly derived. The covariant derivatives are scaled as
0 , we can show the agreement of kinetic terms. The constraint to the T 2 metric is
Note that we have a degree of freedom that corresponds to tuning [(X 3 0 ) 2 + (X 7 0 ) 2 ] as with the case (I).
(ii) Next, as another example of the C × C 3 /Z n type, we consider the Z 6n action given by This orbifold projection also preserves N = 2 SUSY, but the remaining global symmetry is less than before. The quiver CS theory obtained from this orbifold action has the following covariant derivatives,
where l = 1, · · · , 6n. Again, the Z (2l) , W (2l−1) parts are changed from (2.23). The corresponding quiver diagram is given in Figure 4 .
For the Chern-Simons term, under the scaling limit (3.2) with n being replaced by 6n, the agreement between both theories is easily shown as before. For the kinetic term, the covariant derivatives are scaled as
The agreement of kinetic terms is achieved using the assignment
In this case, the metric of T 2 is constrained to satisfy
Once again, we have a degree of freedom that corresponds to the sum of VEV squared. (III) C 4 /Z n Finally, we consider the C 4 /Z n type. When we consider the Z n action given by given by
where l = 1, · · · , n. In this case, only the Z (2l−1) part is unchanged from (2.23). The quiver diagram of this theory is given in Figure 5 .
The CS term and its scaling behaviour are exactly the same as (2.22) and (3.8), respectively.
On the other hand, the covariant derivatives are scaled as
Using the identifications we can show that the kinetic term of the Extended L-BLG theory emerges precisely. Therefore, the T 2 metric is limited to satisfy
In this section, we checked the emergence of the Extended L-BLG theory from the various quiver CS theories for the kinetic and CS terms. Naively, whenever an additional circle exists, independently of how to realize it, the Extended L-BLG theory and D3-brane theory are expected to emerge. Therefore, it is just conceivable that independently of how the further Z n orbifolding acts on C 4 /Z k , namely, regardless of the remaining SUSY and global symmetry, the orbifolded ABJM theories lead us to the Extended L-BLG theory from our scaling procedure. All the examples we have studied display positive signs for this expectation. Further research in this direction may be interesting.
T 2 compactification and SL(2, Z) transformations
We have seen the emergence of the Extended Lorentzian BLG theory from the scaling limit of quiver Chern-Simons theories. Our procedure realizes ordinary T 2 compactification. However, starting from the orbifolded ABJM theory, the resultant metric of two-torus
is constrained. This means that after the reduction to the D3-brane theory, the realizable parameter region of the complexified coupling constant τ is also limited. In this section, we focus on this constraint and a realization of SL(2, Z) transformations.
In section 2, we have seen that the Extended L-BLG theory with d = 1 is reduced to the D3-brane worldvolume theory through the Higgs mechanism. The gauge sector of the resultant D3-brane action is given by
Thus, the complexified coupling constant τ is represented as
Note that we have chosen k = 1.
In the previous section, we have seen that the T 2 metric G AB is constrained to satisfy a certain relation. Now, we substitute these constraints into (5.3) and investigate the parameter space of τ and the SL(2, Z) transformations.
First, we consider the N = 4 case. Substituting (3.7) into (5.3), we obtain
This denotes that in a fixed s, namely, in certain linear combinations of the gauge fields (3.1), the realizable parameter space of τ is limited to the one that depends on only one real parameter, the ratio of the VEVs G 01 /G 00 . Remarkably, s appears in τ only through the real part. When we shift s as s → s+a (a ∈ Z), τ changes as τ → τ +a. Therefore, the linear combinations of the gauge fields and the T-transformations have one-to-one correspondence. This is an extension of the work in [15] . This correspondence also works in all the other examples (I), (II), (III) in Section 4.
If we define τ ≡ x + iy, the realizable region of the coupling τ is represented as
x + 2s + 1 2 Again, τ becomes a one parameter curve.
In both cases, even if we move all the values of VEVs X I 0 and indices s (s ∈ Z), we cannot cover the full parameter space of the complex structure moduli τ . Compared with case (I), we can change a radius of a circle by tuning A. Therefore, moving all the values of allowed x (= −G 01 /G 00 ), s (s ∈ Z), and A, we can realize the parameter space of τ more widely. Hence, it seems that the one parameter dependence of τ in the previous case is the reflection of the fact that 3d N = 4 SUSY is very restricted.
Finally, we comment on the A term. Because A is bounded above, again the whole region of the complex structure moduli cannot be reproduced. Naively, even if we consider the Z n action that preserves no supersymmetry, the situation seems to be unchanged. This is slightly mysterious and more work is required.
Conclusion and discussion
In this paper, we have explicitly shown that the BLG theory with two Lorentzian pairs is derived by taking a scaling limit of an N = 4 quiver Chern-Simons theory, which is obtained by orbifolding the ABJM action. In this scaling limit, the VEVs are taken to be large compared with the fluctuating traceless components. Therefore, M2-branes are located far from the origin of the orbifold C 4 /(Z kn × Z n ). Then, taking n → ∞ simultaneously, we effectively realize a standard T 2 compactification. This is why the Extended L-BLG theory emerges.
Since the Extended L-BLG theory can be reduced to the Dp-brane worldvolume theory via the Higgs mechanism, our scaling procedure has useful applications for deriving Dp-branes from the ABJM theory. In this paper, we consider only the D3-brane case. We also investigate the scaling limit of various quiver CS theories and confirm that the kinetic and CS terms of the Extended L-BLG theory correctly emerge. Remarkably, it is found that the resulting D3-brane theory covers a larger region in the parameter space of the coupling constant τ than in the N = 4 case. In both cases, however, we cannot realize an entire region of the complex structure moduli. Naively, this situation seems to be unchanged even if we consider the non-SUSY case.
This is slightly mysterious and more work is required.
There are some directions for further generalizations of this work. One direction is to understand the d ≥ 2 case. Although we consider only the d = 1 case in this paper, it seems that the more we orbifold the ABJM theory, the higher dimensional D-brane theory can be obtained.
Moreover, it is just conceivable that independently of how Z n orbifolding acts on C 4 /Z k , the orbifolded ABJM theory might lead to the Extended L-BLG theory (and Dp-brane theory via the Higgs mechanism) through our scaling procedure. Because the Extended L-BLG theory does not succeed in explaining several background fields in the d ≥ 2 case, the understanding from the ABJM side may shed light on this problem. The generalization to M2-branes on general background is also interesting.
